Ewald artifacts in computer simulations of ionic solvation and ion-ion interaction: A continuum electrostatics study J. Chem. Phys. 110, 1856 (1999) In this paper we are investigating the effect of the dielectric environment on atomic Born radii used in generalized Born ͑GB͒ methods. Motivated by the Kirkwood expression for the reaction field of a single off-center charge in a spherical cavity, we are proposing extended formalisms for the calculation of Born radii as a function of external and internal dielectric constants. We demonstrate that reaction field energies calculated from environmentally dependent Born radii lead to much improved agreement with Poisson-Boltzmann solutions for low dielectric external environments, such as biological membranes or organic solvent, compared to previous methods where the calculation of Born radii does not depend on the environment. We also examine how this new approach can be applied for the calculation of transfer free energies from vacuum to a given external dielectric for a system with an internal dielectric larger than one. This has not been possible with standard GB theory but is relevant when scoring minimized or average structures with implicit solvent.
Implicit solvation based on generalized Born theory in different dielectric environments
In this paper we are investigating the effect of the dielectric environment on atomic Born radii used in generalized Born ͑GB͒ methods. Motivated by the Kirkwood expression for the reaction field of a single off-center charge in a spherical cavity, we are proposing extended formalisms for the calculation of Born radii as a function of external and internal dielectric constants. We demonstrate that reaction field energies calculated from environmentally dependent Born radii lead to much improved agreement with Poisson-Boltzmann solutions for low dielectric external environments, such as biological membranes or organic solvent, compared to previous methods where the calculation of Born radii does not depend on the environment. We also examine how this new approach can be applied for the calculation of transfer free energies from vacuum to a given external dielectric for a system with an internal dielectric larger than one. This has not been possible with
INTRODUCTION
It has long been appreciated that a realistic theoretical description of biologically relevant molecules has to account for the environment that is appropriate for a given system. When soluble molecules are considered, aqueous solvent is usually included either explicitly or implicitly. 1, 2 An accurate model of membrane-bound molecules, on the other hand, would require some representation of the anisotropic lipid environment, which is also possible either explicitly or implicitly. [3] [4] [5] Furthermore, the generally dense packing of biological molecules in cellular compartments, 6 where specific and nonspecific protein-protein and protein-nucleic acid interactions play an important role, warrants an appropriate description for molecules in such environments.
Specific, sterically dependent interactions between the environment and a molecule of interest usually require an explicit molecular representation. Examples of such cases are given by the highly immobilized and structured water molecules in the minor groove of DNA 7 or cofactors or ligands that are essential components in many protein structures. Nonspecific solvent interactions lead to polarization effects according to the dielectric properties of the environment, 2 entropic penalties that arise when forming a cavity in a given environment, 8 and van der Waals-type dispersion interactions with the molecules in the environment. 9 In a good approximation these energetic contributions can be summarized with an implicit description that assumes a continuum model of the environment. 10 The dominant electrostatic contribution due to polarization effects in such a continuum model is described rigorously through the Poisson equation 11 
ٌ͓͑rٌ͒͑r͔͒ϭϪ4͑r͒, ͑1͒
where the electrostatic potential ͑r͒ is related to a charge distribution ͑r͒ and space-dependent variation of the dielectric constant ͑r͒. In this model, different environments are characterized mainly by their dielectric response, with values ranging from 80 for water to 2-4 for the interior of lipid membranes. Solutions of ͑r͒ can then be used to calculate the solvent-induced reaction field energy for a system of interest in a given environment (ϭ w ) with respect to a reference dielectric (ϭ p ), e.g., vacuum ( p ϭ1)
with the electrostatic energy calculated from an integral over all of space
An approximation to the reaction field energy can also be obtained with the generalized Born ͑GB͒ formalism in a pairwise sum over interacting charges 12, 13 
where r i j is the distance between atoms i and j, q i and q j are the respective ͑partial͒ charges, and ␣ i are the so-called generalized Born radii which may be interpreted roughly as the distance from each atom to the dielectric boundary. The factor F may range from 2 to 10 with 4 being the most commonly used value. 13 Recent advances in GB methodology have resulted in excellent agreement between GB and Poisson-Boltzmann a͒ Author to whom correspondence should be addressed. Electronic mail: brooks@scripps.edu ͑PB͒ energies 14 -18 with average relative errors of less than 1% for the GBMV method 14 -16 when calculating solvation energies of proteins in water. The application of implicit solvent descriptions has been increasingly successful in simulation studies, 19, 20 scoring of protein conformations, 21 estimates of pK a values, 22 and evaluation of protein-ligand binding free energies. 23 However, since many biological processes occur in low-dielectric environments such as cell membranes, there is a strong incentive to extend continuum approaches based on GB to such environments as well. While efforts have been made in incorporating heterogeneous environments in GB-type formalisms, 5,24 the extent to which existing GB formalisms are applicable to varying dielectric environments has not been addressed in detail.
Equation ͑4͒ is usually applied to a simple two-dielectric system where the set of charges occupies a molecular cavity with a dielectric constant p surrounded by a uniform highdielectric continuum environment with a dielectric constant w . The prefactor (1/ p Ϫ1/ w ) is motivated by the analysis of a single ion in a spherical cavity where it is rigorously correct for calculating the reaction field energy from a medium with p to w . 18, 25, 26 An internal dielectric of p ϭ1 is appropriate for dynamics simulations where dipole fluctuations occur explicitly as part of the model. A larger internal dielectric constant is more appropriate, though when the energies of minimized or averaged structures are evaluated. However, as illustrated elsewhere, 27 Equation ͑4͒ describes only the reaction field energy due to an external dielectric of w with respect to a reference dielectric environment p everywhere, inside and outside. GB theory cannot directly provide the transfer free energy from p /1 to p / w ͑internal/external dielectric constant͒.
The critical requirement for success of the generalized Born approximation lies in the efficient and accurate calculation of the atomic Born radii, ␣ i , in order to gain a computational advantage over costly solutions to the Poisson equation. According to the Coulomb field approximation, Born radii are commonly calculated from the following expression:
where R i are the atomic radii ͑e.g., van der Waals radius͒ used to define the solute cavity filling out the volume V, over which the integral is calculated. Recently, we have proposed a higher order correction term for an improved fit between Born radii calculated from GB and radii calculated directly from Poisson theory 15, 16 
͑6͒ that is used in the following new parametrized expression for calculating the Born radii ␣ i :
with optimized values of Sϭ0.9114, C 0 ϭ0.2966, C 1 ϭ1.0369, and DϭϪ0.0637 from fitting solvation energies from Poisson theory for proteins with an interior dielectric constant of 1 and an exterior dielectric of 80 corresponding to water. Born radii calculated from Eqs. ͑5͒ through ͑7͒ do not depend on the interior or exterior dielectric constants. The only place where the dielectric environment enters in generalized Born theory is through the prefactor (1/ p Ϫ1/ w ) in Eq. ͑4͒. The treatment of the environment in Eq. ͑4͒ becomes problematic, however, if one attempts to calculate the transfer energy from vacuum to an environment with a dielectric constant w for a system with an internal dielectric of p as the transfer from p /1 to p / w ͑internal/external dielectric͒
͑8͒
Here, ⍀ is used to denote the pairwise sum from Eq. ͑4͒. The analysis implies that the transfer energy from vacuum into a given environment would be independent of the internal dielectric constant. This paradox would be reconciled if the Born radii ␣ i varied as a function of the internal and external dielectric constants, which would result in values of ⍀ that now depend on p and w . For off-center charges and a nonspherical solute, the Born radii should in fact depend not just on the Coulomb field, which is environmentally independent, but also on the electric displacement due to the reaction field that arises as a result of the boundary between the different internal and external dielectric environments. 28, 29 Although the correction term in Eq. ͑6͒ was not derived rigorously as such, it can be viewed as representing the reaction field component for off-center charge locations in a cavity of arbitrary shape that is described incompletely by the Coulomb field approximation alone. While we will come back to this point in more detail below, it provides a route to introduce an explicit dependence on internal and external dielectric constants in Eq. ͑7͒ by changing the relative weight between A 4 and A 7 depending on in a way that would not be possible with Eq. ͑5͒ alone.
In this paper we will analyze the effect of different internal and external dielectric constants on the Born radii in more detail and propose new ways to extend the GB formalism to yield a more accurate treatment that allows application to systems with low external dielectric constants, such as in membrane environments, or the use of internal dielectric constants larger than 1 when scoring minimized or averaged conformations with GB.
METHODS

Calculation of transfer energies
Transfer energies were obtained from reaction field energies between different dielectric environments either by solving the Poisson equation ͑PB͒ or by applying a generalized Born ͑GB͒ formalism.
Transfer energies from PB solutions were used as reference values for GB calculations and obtained with the standard finite difference method implemented in the PBEQ module 4, 30, 31 in CHARMM. 32 A grid spacing of 0.25 Å was used in all cases. The molecular surface was used to define the dielectric boundary based on a spherical probe radius with a size of 1.4 Å. A margin of at least 4.5 Å from the extent of each structure to the edge of the grid was allowed in all cases to avoid boundary effects. Charges were distributed onto grid points using the trilinear interpolation method and successive over relaxation 33 was used to speed convergence, which was reached in all calculations. For the boundary potential a simple Coulomb term was calculated on every other grid point and interpolated for grid points in between.
Generalized Born results were obtained with the GBMV method 15, 16 in CHARMM, which implements Eqs. ͑4͒ and ͑7͒ and calculates the quantities A 4 and A 7 by carrying out the integration numerically rather than approximating the integral with a pairwise sum over atomic volumes, as in most other common GB implementations. For all GB calculations we used a regular angular integration grid with N ϭ8 ͑see Ref. 15͒ and a value of Fϭ8 in Eq. ͑4͒.
In both PB and GB calculations we used the charges from the CHARMM22 force field 34 and the standard van der Waals radii were used to define the molecular cavity and dielectric boundary. We did not consider salt effects in the present study. All of the calculations were performed using the ensemble computing facility of the MMTSB Tool Set. 35 
Test sets
Three different test sets were employed in this study. Complete all-atom representations were generated for all of the structures without any minimization or refinement. Missing hydrogen atoms were added if necessary by using the HBUILD procedure in CHARMM. 32 Explicit solvent molecules, ions or any co-ligands that may have been present in experimental structures were not included in the calculations. The test sets are available from the authors upon request.
Set 1 contains 22 native protein structures from the Protein Data Bank ͑PDB͒ 36 with less than 100 residues. These structures were used as the training set for some of the parameters in this study. The PDB codes for the structures in this set are given in the Appendix.
Set 2 contains a comprehensive set of 611 nonhomologous single-chain protein structures ranging from small protein fragments to very large structures with more than 800 residues and covering a wide variety of native folds. The PDB codes are also given in the Appendix.
Set 3 was used to test the calculation of transfer energies for different native and non-native conformations of the same protein, in this case the chicken villin headpiece ͑PDB code: 1VII͒. The test set consists of 120 near-native, misfolded, and unfolded conformations, generated through a lattice sampling protocol with low-resolution representations 37 followed by a subsequent reconstruction of all-atom models.
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EXTENSION OF GENERALIZED BORN FORMALISM
Variation of dielectric environment
We begin by considering the effect of different dielectric constants w for a homogenous continuum environment surrounding a molecular cavity with a set of partial charges q i and an internal dielectric p ϭ1. Equation ͑4͒ implies that the reaction field energy for an environment with a dielectric constant of w with respect to vacuum can be expressed as
One may calculate ⌬G 1/1→1/80 from Poisson theory and compare ⌬G 1/1→1/w calculated according to Eq. ͑9͒ with reaction field energies obtained directly from Poisson theory for an external dielectric w . Figure 1 shows the results for test set 2 ͑see methods section͒ when a value of 4 is chosen for w . The values derived from ⌬G 1/1→1/80 according to Eq. ͑9͒ generally correlate with the ''correct'' PB solutions, but a nonunity slope and noticeable scatter is found. This is quantified in more detail with the data given in Table I for different values of w . We find that even if the nonunity slope is taken into account by scaling energies accordingly, relative errors of Ͼ2% for low-dielectric environments are still quite large compared to an expected accuracy of ϳ0.2% for finite difference solutions to the Poisson equation with the 0.25 Å grid spacing used here. 14 This observation confirms that the expression with a constant quantity ⍀ is in fact not such a good approximation for polyionic systems occupying nonspherical cavities, and suggests that ⍀ should vary as a function of w , as motivated in the introduction.
Instead of looking at reaction field energies for the entire system, one may also compare the atomic reaction field energy, G pol,i , for a unit charge at a given atomic site in the context of the solute cavity and the dielectric boundary without any additional charges present. The G pol,i are related to atomic Born radii according to the Born equation
. ͑11͒ Figure 2 In order to find an alternate expression for Eq. ͑7͒ that takes the effect of the environment into account in the calculation of Born radii, we will consider the case of a charge distribution in a spherical cavity with an internal dielectric p and an external dielectric w . In this case, the reaction field potential due to the presence of the dielectric boundary can be obtained as a closed form solution to the Poisson equation ͓Eq. ͑1͔͒. 28 In a more convenient form of the original expression by Kirkwood, the reaction field potential for such a system at the location r from the center of the spherical cavity with radius R can also be written as
where the index j runs over all of the N charge sites at locations r j with charges q j . P l denotes the Legendre polynomial of order l, and is the angle between r j and r. In the sum over l, the terms l 0 are to be skipped either if r j ϭ0 or rϭ0.
In the case of a single, off-center charge q at a distance r from the center of a spherical cavity with radius R, Eq. ͑12͒ is reduced to
and the reaction field energy when going from p / p to p / w is given as
͑14͒
While the familiar result of the Born equation for a single ion at the center of a spherical cavity 25 is recovered for rϭ0, additional terms, that depend on both w and p , are introduced when the charge is located off center (rϾ0).
It is instructive to compare Eq. ͑14͒ with the calculation of reaction field energies from Eq. ͑11͒ when Born radii from GB theory according to Eq. ͑7͒ are used. Figure 3 shows results for transfer from vacuum to w ϭ80 for the case of a unit charge at distance r from the center of a spherical cavity. We find that the overall agreement between the exact result according to Eq. ͑14͒ and the result from GB is reasonable. However, it is most interesting to examine how the individual components C 0 A 4 and C 1 A 7 in Eq. ͑7͒ vary as a function of r. As can be seen in Fig. 3 , C 0 A 4 provides a nearly constant contribution with increasing distance from the center while C 1 A 7 based on the new correction term depends much more strongly on the distance r. When compared to Eq. ͑14͒, C 0 A 4 may be related to the contribution from the spherically centered Born term (lϭ0), while C 1 A 7 can be viewed as summarizing the higher order off-center contributions (lϾ0). This analogy then provides the motivation for introducing p and w in the calculation of Born radii by using a prefactor of
for the C 1 A 7 term in Eq. ͑7͒ as in Eq. ͑14͒ for the higherorder terms. We found excellent results with nϭ2, resulting in the following new expression for calculating Born radii:
with optimized values of C 0 ϭ0.3255, C 1 ϭ1.085, D ϭϪ0.14, and EϭϪ0.15 based on the training set, test set 1. The introduction of the term E/( w ϩ1) improves results slightly over a constant shift D that is independent of w . In general, a nonzero shift of Born radii is introduced mainly in order to match results from PB with a given grid resolution. The best shift for optimal agreement between GB and PB results is in fact reduced towards zero when matching PB results obtained at very high grid resolutions ͑e.g., 0.1 Å͒. In this context, the term E/( w ϩ1) may be seen as a reflection of different levels of PB convergence depending on w at a given grid resolution due to the extent of electrostatic effects as a function of dielectric screening. This point is illustrated conveniently with the simple case of a unit charge at the center of a spherical cavity where the Born radius is exactly equal to the radius of the spherical cavity. Figure 4 shows how Born radii calculated from PB according to Eq. ͑11͒ deviate from the exact result as a function of the external dielectric at different grid resolutions.
When Eq. ͑15͒ is applied for the calculation of GB radii, we find that the agreement with PB radii is significantly improved over Eq. ͑7͒ as shown in Fig. 5 for the test system 1AJJ and values of w ϭ4 and p ϭ1. Environmentally dependent Born radii according to Eq. ͑15͒ also translate into more accurate reaction field energies for entire molecules when Eq. ͑4͒ is applied. 
Variation of internal dielectric
We will now discuss how the GB formalism may be used to calculate transfer free energies for a system with an arbitrary internal dielectric p from vacuum to a given exter- nal dielectric w , i.e., ⌬G p/1→p/w . As mentioned previously, this is not straightforward since the internal dielectric constant does not appear explicitly in GB theory. However, one may calculate the total transfer energy ⌬G p/1→p/w as follows:
While the second term ⌬G p/p→p/w may be calculated as outlined above, we will focus now on how to obtain the first term ⌬G p/1→p/p from GB. In principle, ⌬G p/1→p/p ϭϪ⌬G p/p→p/1 should follow the calculation of ⌬G p/p→p/w , where w ϭ1 and p Ͼ w . We found, however, that simply using Eq. ͑15͒ with appropriate values for does not produce satisfactory results. Instead, a slightly different form of Eq. ͑15͒ appears to be better suited for calculating Born radii in the case of ⌬G p/p→p/1 , which is given in the following:
where w ϭ1 is assumed and the parameters are C 0 ϭ1.2390, C 1 ϭ0.4592, DϭϪ0.25, and Eϭ0.20 as optimized from comparing Born radii between PB and GB. When optimized for the calculation of molecular transfer energies in the training set, DϭϪ0.55 gives better results. Following Eq. ͑17͒, atomic Born radii can be calculated with the GB formalism that agrees well with atomic radii from PB for the transfer from p / p to p /1 as shown in Fig. 6 . Surprisingly, though, when Born radii are calculated according to Eq. ͑17͒ and used in Eq. ͑4͒ with w ϭ1 to obtain molecular transfer energies ⌬G p/p→p/1 for the three test sets, the agreement between GB and PB is quite poor ͑see Table III͒ compared to the level of accuracy that is usually achieved with the GBMV method used here. 14 While this may be due in part to less accurate Born radii, we find that even if we use ''perfect'' Born radii from PB in Eq. ͑4͒ the agreement with direct PB solutions is of similar ͑poor͒ quality. For test set 1 the relative error is ϳ4% ͑see Fig. 7͒ . This observation leads us to believe that Eq. ͑4͒, which reproduces transfer energies from p / p to p / w very well, as long as accurate Born radii are used as input, 39 does not hold up to the same degree A correction of this problem would require modification of Eq. ͑4͒. We have attempted to extend the pairwise expression based on earlier suggestions 22 as well as new ideas, but did not find a satisfactory expression that improves the calculation of transfer energies of polyionic molecular systems beyond the training set that was used. There are some indications, however, that a three-body expression may be more successful ͑data not shown͒, but such expressions would carry significantly higher computational costs and render GB methods computationally unattractive compared to PB. Clearly, more work is required here to better understand and address this issue.
While the calculation of ⌬G p/p→p/1 is unsatisfactory by itself, it still leads to acceptable errors if combined with ⌬G p/p→p/w for calculating transfer energies from p /1 to p / w according to Eq. ͑16͒. The accuracy of total transfer energies from vacuum to w ϭ80 obtained with GB theory for different internal dielectrics of p ϭ2, 4, and 8 are given in Table IV . At least up to p ϭ4 relative errors in calculating ⌬G p/1→p/w are 2%-3%. This may be sufficient for some applications such as the scoring of minimized or averaged protein structures, where an internal dielectric of 2 or 4 is more appropriate.
DISCUSSION AND CONCLUSIONS
Both GB and PB methods follow the same underlying physical model of a set of charges within a molecular cavity that is surrounded by a continuous dielectric media. While PB theory based on Eq. ͑1͒ describes such a system rigorously, GB formalisms aim at providing approximate transfer or solvation energies from vacuum to the given environment at much reduced cost. Consequently, solutions from PB theory constitute the natural reference point for transfer energies calculated through GB methods, although, ultimately, both PB and GB theory have to be compared against experimental data as well as explicit solvent simulations in order to judge the success of a continuum approach in describing environmental effects for molecular systems.
In the present study we have analyzed GB theory in comparison with transfer energies obtained from PB as a function of high and low external and internal dielectric constants. We found that an accurate account of the environment requires that the atomic Born radii are adjusted according to the dielectric environment. Motivated by the analytical expression for the reaction field of a set of charges in a spherical cavity that was derived originally by Kirkwood, 28 we have extended the calculation of Born radii in the GBMV method to reflect a dependence on the internal and external dielectric constants p and w for off-center charge distributions in a given molecular cavity. When Born radii are calculated according to this new GB formalism and applied in Eq. ͑4͒ to obtain molecular transfer free energies, we are able to reproduce PB transfer free energies between p / p and p / w for different dielectric environments much more accurately than with Born radii that are environmentally independent. This new approach extends GB-type methods to implicit modeling of low-dielectric environments. It is particularly attractive for the modeling of membrane environments, but it also enables applications involving lowdielectric solvent such as cyclohexane, ethanol, or octanol, to the extent that an implicit treatment of these solvents is adequate. We should point out, though, that for any of these types of environments, the radius of the solvent probe molecule, which is used to define the molecule surface, would have to be adjusted accordingly. All of the transfer free energies calculated in this study were based on a probe radius of 1.4 Å, which is meant to approximate the size of a water molecule. In other types of environments this radius would have to be adjusted to reflect the size of the solvent molecules that are involved. Since we have been comparing transfer energies in this study only between GB and PB rather with experimental data or explicit solvent simulations, we contend that our results are meaningful irrespective of the chosen probe radius.
Another caveat for the practical application of the new method described here concerns the choice of atomic radii that are used to define the molecular surface. Van der Waals radii from a given force field may be used as a default, but since they are usually optimized for solute interactions as well as interactions with a certain explicit water model, they are not necessarily applicable to an implicit treatment of the environment. In fact, adjustment of atomic radii for the purpose of defining the dielectric boundary has been found to improve the calculation of solvation free energies in water, 8, 20, 31 and similar adjustments are likely needed for other types of environments as well, in order to match experimental data and/or explicit simulations of the environment.
We have also examined the calculation of transfer energies ⌬G p/p→p/1 with a GB formalism. In this case, Born radii can be calculated fairly well with a slightly modified and reparametrized version of Eq. ͑15͒. However, we find that the pairwise sum approximation in Eq. ͑4͒ is not as successful in the case of w Ͻ p as when calculating ⌬G p/p→p/w where w Ͼ p . Consequently, molecular transfer free energies calculated according to Eq. ͑4͒ carry significantly larger errors compared to PB results. While further work will be concentrated on modifying Eq. ͑4͒ in order to address this problem, one may combine the approximate estimates of ⌬G p/p→p/1 with more accurate values of ⌬G p/p→p/w in order to obtain transfer energies ⌬G p/1→p/w with an error of 2%-3%. While the calculation of transfer energies from vacuum to a medium with an external dielectric w for a set of charges embedded in a low dielectric p Ͼ1 is not possible with previous GB methods, such solvation energies are most appropriate for the scoring of minimized or averaged conformations. Potential applications lie in structure prediction or protein-ligand docking, where a reduced accuracy may be acceptable. It should be pointed out, however, that it would be possible to work around the limitations of the GB formalism in reproducing ⌬G p/1→p/w by choosing a reference state of p / p rather than vacuum while calculating the Coulomb energy with a dielectric constant of p to be consistent.
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APPENDIX: PDB ENTRY CODES AND CHAIN ID FOR PROTEIN TEST SETS
PDB codes, test set 1
